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Section — A
Answer ALL the questions: (10 x 2 =20)
1. Define a vector spacéover a fieldF.
2. Show that the vectors (1, 1) and (-3, 2Rmare linearly independent ovBr the field
of real numbers.
Define homomorphism of a vector space into itself.
Define an inner product space.

Normalise (1 + B 2 —i, 1 —i) in C? relative to the standard inner product.

I

Define eigen value and eigen vector.

UV2 ilV2 is unitary.
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8. If A andB are Hermitian, show tha&B + BA is Hermitian andAB — BA is skew-

7. Show thatA = (

hermitian.

9. State the Schwarz inequality.

10.Prove the parallelogram law in a inner product epac

Section— B

Answer any FIVE questions: ) (5 X8=140)

11.LetV be a vector space of dimensionand letv;, v, Vs, ..., ¥ be linearly independent
vectors inV. Prove that there exists— r new vectors/.s, ..., \in V such that §,, ...,
Vp} IS a basis oWv.

12.Show that the set {X, >, ..., X"} is a basis of the vector spaEgx] of all polynomials
of degree atmost.

13.Let V and W be two n-dimensional vector spaces ovEr Then prove that any
isomorphismT of V ontoW maps a basis &f onto a basis V.

14.1f Vs a finite-dimensional inner product space and/is a subspace &f, then show

thatV = W 0O W" , the direct sum ofV and its orthogonal complement.
15.Prove thafl OA(V) is invertible if and only ifT mapsV ontoV.



16.ForA, B OOF, and A OF, prove that

@) tr (AA) = Atr A, (ii) tr (A+B) =trA+trB, (iii) tr (AB) = tr BA).
17.Prove that the eigen values of a unitary transftionare all of absolute value 1.
18.Prove that for anyn x n matrix A over a fieldF, the row rank and column rank are

equal.

Section-C
Answer any TWO questions: (2 X 20 =40)
19.(a)The vector spacé overF is a direct sum of two of its subspas@sandW, if and
only if V=W, + W,andW; n W, = (0).Prove the statement.
(b)Prove that iV is a vector space of finite dimension aMds a subspace &f, then
dimv/W= dimV — dimw.
20.(a)LetV be a vector space of dimensiorover F. Then prove that the dual spa¢ée
also has dimensiom
(b)Prove that every finite-dimensional inner prodspace has an orthonormal set as a
basis.
21.(a)LetV be a vector space of dimensiooverF, and letfT LA(V). If my(T) andmy(T)
are the matrices off relative to two basesv{, ..., w} and {w;, ..., wjof V,
respectively, then show that there is an invertibigrix C in F, such thatmy(T) =
Cmy(T)C™.
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(b)Let V = R® and suppose that-1 2 1| is matrix of T LJA(V) relative to the
0 1 3

standard basi# = (1, 0, 0)v. = (0, 1, 0),v3 = (0, O, 1). Find the matrix df relative to
the basisv; = (1, 1, O)w. = (1, 2, O)ws = (1, 2, 1).
22.1f T UA(V) has all its eigen values F then prove that there is a basisvoin which

the matrix ofT is triangular.



